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A Finite-Volume, Adaptive Grid Algorithm
Applied to Planetary Entry Flowfields

P. A. Gnoffo*
NASA Langley Research Center, Hampton, Virginia

An adaptive grid, finite volume method has been applied to problems of planetary entry in computing
complete flowfields. The adaptation algorithm is implicit in nature and is keyed to resolve user-specified
gradients. The finite-volume algorithm is explicit, utilizing a maximum time step advancement at each grid point
to accelerate convergence to the steady state. The present version of the code is for the laminar flow of a perfect
gas. The role of the adaptation algorithm in resolving various features of blunt body/wake flow for planetary
entry conditions is emphasized. The algorithm is demonstrated on problems involving massive blowing from the
surface of the Galileo probe and moderate blowing from the surface of a sphere.
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Nomenclature
= adaptation parameter in Eq. (5)
= heat coefficient, m2/s2 • K
= array of dependent variables on adapting grid
= internal energy nondimensionalized by f^
= array of dependent variables on old grid
= enthalpy, m2/s2

= mesh point indices
= number of iterations between rezonings
= number of intervals iny, ( r j ) direction
= thermal conductivity, W/m • K
= spring constant for y'th interval
= adaptation parameter
= root mean square error norm
= blowing rate, nondimensionalized by p^ V^
= Mach number
= distance to y'th mesh point on adapting grid
= array equal to nj at beginning.of adaptation itera-
tion

= number of passes through smoothing algorithm,
Eq» (6>

= Nusselt number qRN C' /[(hst-h w ) kst ]
= pseudo-Reynolds number, [pstRN (hst)I/2 /£LS(]

- pressure, nondimensionalized by p^ V2^
-- Prandtl number
= heat transfer, W/m2

= Reynolds number
= nose radius, m
= distance to y'th mesh point on old grid
= surface arc length in Figs. 3, 4, and 6, nondimen-
sionalized by RN

-- time increment, nondimensionalized by RN/ V^
-- Cartesian velocity components, nondimension-
alized by VM

-- freestream velocity
= Cartesian coordinates
= ratio of specific heats
= computational coordinates
= viscosity, N-s/m2

= density, nondimensionalized by px
-- forward differences in the / and j directions, res-
pectively
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V/, Vy- = backward differences in the / andy directions, res-
pectively

Subscripts
st = stagnation conditions
w ' = wall
oo = freestream •
Superscripts
(• )' = interpolated value
(~ ) = dimensional quantity

Introduction

WHEN generating computational grids for calculating
complete flowfields around planetary entry bodies,

there are three flow structures that require special con-
sideration—shocks, boundary layers, and free shear layers.
Typically, the bow shock is treated either as a discontinuity
forming one boundary of a computational plane1'2 or as
captured using a closely aligned grid.3'4 Internal shocks such
as the wake recompression shock are usually captured with
somewhat less concern for aligning the grid with the
shock.1'4'5 Laminar and turbulent boundary-layer resolution
can be accomplished with grid-stretching functions6 if given a
sufficient number of grid points. However, resolution of free
shear layers is considerably more difficult, because their
position in physical space is unknown beforehand and
because there is no natural computational boundary from
which to anchor a stretching function. For example, the free
shear layer separating the outer and inner blown gas layers for
massive blowing problems lies at some unknown distance
between the body and the shock, depending on the blowing
rate and distribution. In cases with moderate to no blowing,
the boundary layer separates from the rear of the forebody to
form the free shear layer between a recirculating region
behind the base and the outer supersonic flow. (In Ref. 4, an
additional computational plane is embedded in the recir-
culation region whose boundary points can be used to resolve
the free shear layer.) In general, neither the separation point
nor the separation angle is known beforehand. One would like
to capture these free shear layers in the same sense that one
captures shocks. By using properly conservative
algorithms3'7'8 shocks can be captured, preserving the correct
jump conditions, by using two to four mesh points. However,
the mass, momentum, and energy transfer across the free
shear layers is dominated by diffusion (laminar flows) or
turbulent mixing (turbulent flows) and consequently requires
careful resolution of the gradients through the layer. Because
the position of a free shear layer is unknown beforehand and
a careful resolution of the free shear layer is required, it
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becomes clear that a solution-adaptive algorithm to move the
grid is highly desirable for efficient computation.

Solution-adaptive algorithms have been developed and
demonstrated for problems in surface heat transfer9 and
shock tracking.10 The present algorithm has evolved from
concepts presented in these works as discussed in Ref. 11. The
material presented herein deals with the application of that
solution-adaptive finite volume algorithm to problems in
planetary entry, focusing in particular on resolution of free
shear layers.

The general problem of adapting a grid to high-gradient
regions that do not lie along any computational boundary is
complicated by the fact that the computed gradients are
themselves a function of the grid being moved. As the
solution is generated, transients in the solution can appear,
needlessly distorting the grid and causing grid-induced errors
that interact with and exacerbate the solution being generated
until the calculations become unstable. Observations of this
type of behavior are presented and the safeguards in-
corporated against this behavior in the adaptation algorithm
are discussed.

Finite Volume Formulation
In the present finite volume formulation11 (FVF) the in-

tegral form of the governing conservation laws is ap-
proximated on cells whose corners are defined by the position
of grid points in physical space. Each cell is indexed the same
as the lower left-hand corner point in computational space
(Fig. 1). Mass, momentum, and energy flux through the (ij\
ij+l) wall are calculated using information from the ( i j )
point on the predictor step and the (/,y+l) point on the
corrector step. Similarly, flux through the (ij\ i+ IJ) wall are
calculated using information from the (ij) point on the
predictor step and the (/+ IJ) point on the corrector step. The
integrated changes of properties in the [i,j] cell are then ap-
plied to the (ij) point on the predictor step and the (/+!,
y+1) point on the corrector step. Consequently, for a two-
dimensional system of governing equations in the form

f f f ^d(volume) + f f (fi+gj) -wl(surface) = 0
n 6Q

where vector n is a unit outward normal from the surface <5fl
of a finite-control volume ft and i andy are unit vectors in the
x and y directions, respectively, the FVF is written as

iA,in-Vi/-G//V//] uAiX(J -Fu

= - ( V

This relation assumes that the xfj and j> /y coordinates of the
grid points defining the control volumes are not functions of
time. This is consistent with the rezoning technique described
in the section on grid generation. The relation can be ex-
panded to include the effects of grid motion for problems that
use time-dependent grid adaption or require temporal ac-
curacy. The vectors q, /, and g for the Navier-Stokes
equations are

q=(p,pu,pv,PE)

/= [pu, p + pu2-a^, puv-rxy, u(pE+p~oxx)- v.Txy -qx]

g= [pv, puv-Txy,p + pv2-ayy, v(pE+p-ayy) -urxy-qy}

i+2

Fig. 1 Schematic showing relation of indexing system, physical (x,y)
coordinates, and computational (£,17) coordinates.

The vectors Qijy Fijf and G^ are the net function ap-
proximations to q, /, and g at the (ij) grid point. The shear
stresses a^, ayy, rxy, and heat transfer qx, qy are ap-
proximated using second-order accurate central differences.
For axisymmetric flow, the cell volumes and surface areas are
determined by multiplying the area of the two-dimensional
cell and the lengths of the two-dimensional cell walls by the
respective distances of their centroids from the axis. A source
term is also introduced on the right-hand side of the FVF
equal to Hfj Aitj (predictor step) and HfJ-1 A,_7 7_ 7 (cor-
rector step), where Htj = [0, 0, (p - oee) 'ijf 0].

The scheme reduces exactly to MacCormack's method12 on
a rectangular grid. The algorithm vectorizes very easily with a
minimum of temporary long-vector storage locations
required. It is also strictly conservative in the sense of sum-
mation without residue13 because of the manner in which flux
passing through cell walls is treated.

On some problems it was found that instabilities would
result if the predictor-corrector pattern described above were
not alternated between opposite corners of the cell on even
and odd time steps. In the Galileo probe calculations to be
described, it was found that some stability problems, which
would manifest themselves near the expansion corner of the
probe or behind the lip just above the free shear layer, could
be overcome by cycling the predictor-corrector pattern across
all four corners of the cell.

The formulation yields a consistent approximation to the
governing differential equations that is second-order accurate
in space and second-order accurate in time if a constant time
step is used. However, the solution is usually advanced at each
grid point by a local maximum time step (multiplied by a
safety factor) in order to accelerate convergence to a steady
state. This treatment introduces a first-order (At) error in the
wave speed proportional to the .gradient of At (x,y) / At {j.
Consequently, when implementing the adaptation routine,
checks must be implemented to prevent severe grid stretching
or skewness that could cause large gradients in the locally
evaluated time steps. Excessive stretching or skewness can
also introduce large factors of second-order spatial errors.
Some of the methods used to control these errors are discussed
in the section on grid adaptation. Further details of the finite-
volume formulation used herein, including specifics on the
difference equations, are given in Ref. 11.

Initialization
Lines of constant j index (£ coordinates) define the shock

and the body/wake centerline. Lines of constant / index (rj
coordinates) run between the shock and the body/wake
centerline. A typical grid is shown in Fig. 2. The grid can be
mapped onto a rectangular computational plane, which
simplifies programming on a vector-processing computer.

In the first set of solutions to be presented on the Galileo
probe, the body is divided into a finite number of segments
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Fig. 2 Initial grid used for calculations over Galileo probe.

consisting of straight lines and circular arcs. The user specifies
the number of points on each segment, which are then
distributed evenly along that segment. A reference £ coor-
dinate line is set a constant distance away from the forebody
and is composed of straight line segments in the wake as
shown in Fig. 2. Straight rj coordinate lines running between
the body and the reference line are normal to the forebody. A
modified hyperbola5 at a user-specified standoff distance
initializes the shock and the straight lines emanating from the
reference line are used to complete the grid.

In the latest set of calculations a polynomial-blending
function14 is used to provide a smoother variation of arc
length along the £ coordinate lines from one body segment to
another. The reference line is omitted and the straight lines
emanating from the body to the shock at specified angles are
used to complete the grid. The generation of severely skewed
grids is far less of a problem when adapting along straight
lines as opposed to lines with large curvature or sharp bends,
as occurred in the wake with the previous grids.

Pressure on a £ reference coordinate line is calculated using
Newtonian theory. When/7,.yref <p00, the pressure is set equal
to pw. Internal energy e on the reference line equals cos2

(B)est where cos2 (6) = ( d y / d ^ 2 / ( ( d y / d ^ 2 + ( d x / d ^ ) 2 ] i j r e r
When ei>jref<Q.lest, the internal energy is set equal to Q./est.
With p,'e known, density is obtained from the equation of
state. With/7,p,e known, velocity squared V2 is obtained from
a specification of constant total enthalpy equal to H^. The
velocity components are then defined as

i; = cos(0)F, w = sin(0)K

Conditions at the shock are obtained from the Rankine-
Hugoniot equations. Conditions at th^ body are set as

f*U = PiJrer 6i,l = e/Jref' "/,/ = VU ~ °

Values for p,u,v,e in the interior of the domain are obtained
using linear interpolation in 77 between the shock and the
reference line or between the reference line and the body.

Once a solution has been obtained, new calculations can be
performed at different freestream conditions using the old
solution as the initial condition.

Grid Generation
Overview

The adaptation algorithm described in the next section is
designed to act as a self-contained subroutine that can be
added to existing codes with minimal modification of the host
code. It is based on an equivalent spring analogy where
springs connect adjacent mesh points and spring constants are
a function of the gradient of some property/bet ween the grid

points. While this adaptation technique can be applied in two-
dimensions,11 the algorithm is greatly simplified if its
adaptation is restricted to one coordinate direction, in which
form it is related to the method of Ref. 9. The resolution of
some property f(x,y) can be accomplished by adapting along
only one coordinate direction, provided the coordinate
direction is not significantly oblique to the gradient vector
V/. Consequently, the adaptation algorithm requires a
rectangular ordering of the grid points and a flow situation in
which the high-gradient regions can be resolved with grid
points free to move in only one computational coordinate
direction. The routine has several adaptation parameters that
are specified by the user to control the grid distribution. The
necessity of some free parameters to control adaptation will
be explained and the guidelines for their definition will be
provided subsequently.

Adaption Algorithm
Let Sj be the length of an 17 coordinate line fr.omy = 1 to the

yth mesh point as defined below,

si=° sj= L, (1)
k=2

Let/, m be an array of dependent variables at the point Sj (i.e.,
fj.!='xj'fj.2=yj>fjf3=Pj»fj,4 = Uj.fj,5 = Vj> andfj)6 = e,). The
grid points in physical (x,y) space are mapped onto a line in s
space, with the yth point connected toy'+ 1 point by a spring
with spring constant K}. Let A«7 be the distance between they
and y+ 1 points in s space. Then assuming equilibrium with
endpoints fixed and spring tension equal to Kj&rij we can
write

Anj=K1An1/Kj (2)

The known total length of s can be expressed as
JN JN

K

Consequently, from Eqs. (2) and (3) one obtains

In the work presented herein, Kj is defined by

(3)

(4)

(5)

where d is some function being monitored on the adapting
grid. The adaptation algorithm is then implemented as
follows:

1) Start at first column of data. Compute and store all
values of Sj andfj>m.

2) Initialize n • and n, equal to s-. Set ITER = 0.
3) ITER = ITER+1.
4) Using the known stored values of Sj a n d f j m , compute

the value of dependent variables d^m at all «7- using a
univariate interpolation routine where dj 1 =xj, dj2=y'j, etc.

5) ComputeK f =Kj (dj>m) from Eq. (5).
6) (Optional) If Kj<Kjmin> then set Kj = Kjmin where Kjmln

is defined in section on adaptation parameters.
7) (Optional) Smooth the resulting spring constants using a

filtering algorithm

}+* = (KJ_1 +2K>/+KJ+1) 14 (6)

8) Compute new values of Uj from Eq. (4). Let nJN+1
=SJN+ j to keep the endpoint value constant.

9) (Optional) If the convergence is slow (greater than 10
passes through adaptation algorithm), reset HJ = (rij + rij) /2.
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10) Compute the error norm to determine convergence,

(7)

If L2 <0.001 or if ITER>200, proceed to step 9.
11) Set HJ = HJ and go back to step 3.
12) Replace xj9 yj9 etc., with djtl9 dj>2, etc., and go to next

column of data.

Problems and Remedies
Before proceeding to the next section on adaptation

parameters, some comments on the somewhat "ad hoc"
nature of parameter definition and smoothing routines (i.e.,
steps 7 and 9) are in order. In an ideal situation, one would
like to minimize both the maximum norm and the Euclidean
norm of some user-specified approximation to the truncation
error in the solution by adjusting the grid points. If a good
approximation to the total truncation error were employed,
the user would not need to worry, for example, about
significant grid skewness or too many points brought into a
high-gradient region (which slows convergence because of the
excessively small spatial resolution). In the approach taken
here, truncation error, per se, is not evaluated and only one
degree of adaptive freedom is permitted. Therefore, excessive
grid stretching or skewness are allowed by the adaptation
routine. The adaptation parameters and smoothing options
give the user more control of these problems over a wide
variety of conditions. While numerical experimentation may
be required to define the parameters, it can be accomplished
with little difficulty or expense at an interactive terminal with
graphics capability. The following observations of potential
problem areas and remedies employed are offered as a guide
in this process.

In many cases the algorithm will converge within 10
iterations. If it has not converged within 10 iterations, the
damping operation in step 9 has been implemented with great
success. The smoothing option in step 7 is used to avoid ex-
cessive grid stretching and to enhance convergence. It can be
cycled through TV times before proceeding to step 8 in order to
provide a smooth variation of stiffness from spring to spring,
providing a smoother transition of grid size from high- to low-
gradient regions. It also reduces the problem of mathematical
stiffness because a wide disparity in the magnitudes of Kj can
cause significant error due to roundoff in the evaluation of
SUM in Eq. (3). (All results presented herein used single
precision.)

Finally, it is noted that, even with these damping and
smoothing algorithms, a situation will occasionally arise
where some error norm will be attained; however, the solution
will never converge below the L2 norm requirement specified
in the code. In these situations, the grid distribution after 200
iterations is accepted as the final result under the assumption
that the main job of redistributing grid points to resolve high-
gradient regions has been accomplished and the im-
plementation of more damping with more iterations through
the algorithm serve no useful purpose. When that assumption
is wrong, experience to date shows that grid-induced errors
will introduce instabilities, causing divergence of the solution
and thus telling the user to reconsider the various parameters
chosen in the adaptation algorithm.

Adaptation Parameters
The user-specified adaptation parameters are the functions

to be resolved (i.e., temperature, velocity, etc.): the coef-
ficient c in Eq. (5), the number of passes TV through the
smoothing algorithm in Eq. (6), the number of iterations /, of
the finite volume formulation between rezonings, and a spring
stiffness parameter ATmin. The parameter Kmln is used to focus
grid points near the wall, even if the gradient near the wall is
not particularly strong relative to gradients elsewhere along
the rj coordinate line. It is applied in step 6 of the adaptation

algorithm where Kjmin = aK^n where a=\ if y<5 and a=\
- (/'-4)/6 if j>4. The algorithm will work with low values of
Kmin (1 <ATmin <5), but in the cases considered here it has been
found that surface heat transfer may be underpredicted unless
a value of Kmin on the order of the maximum value of Kj
encountered globally is specified. Typical values of c vary
between 0.1 .and 5, with large values of c tending to pull more
points into high-gradient regions with greater grid stretching.
The value of TV is usually between 'V% and V* of the number of
grid points, JN+19 in the y direction. The value of 7 varies
between 20 and several thousand with a typical value of 200.
A very convenient feature of this adaptation algorithm is that
it does not have to be run interactively with the flowfield
code. Consequently, the user can perform parametric studies
on the adaptation algorithm to assess the effects of
monitoring various gradients and changing the constants c, TV,
and Kmin. The user can also turn off the adaptation routine if
the grid is satisfactory, thus saving computational costs.

It should be clear that the effect of any one parameter also
depends on the values of the other parameters. For example,
small values of 7 and TV and large values of c can cause the grid
to focus on initially innocuous looking gradients caused by
transient phenomena or grid nonuniformities. When this
happens the interaction of grid-induced errors with the
adaptation algorithm further exacerbates the problem. Values
of 7 on the order of 100 allow the transients caused by a
change in the grid to smooth out before the next rezoning is
attempted. The smoothing routine [Eq. (6)] also reduces this
problem, although sometimes at the expense of smoothing out
the grid to such a extent that gradients are not properly
resolved.

Results and Discussion
All of the calculations to be presented are for the laminar

flow of a perfect gas, 7= 1.4, Pr = 0.72. Sutherlands's law is
used to calculate viscosities. The first set of calculations for
flow over a sphere is not particularly interesting from the
point of view of grid adaptation, but does serve to demon-
strate the accuracy of the method through comparisons with
experiment and another calculation., The second set of
calculations on the Galileo probe demonstrates the
capabilities of the adaptation algorithm.

Sphere with Zero to Moderate Blowing
The flowfield over a sphere with M00=6 and Re^

= 264,000 was obtained with a grid of 45 points around the
body, encompassing a 120 deg arc from the stagnation point,
and 41 points between the body and the shock. Average run
time for these cases was 3.75 min for 6000 itejations on the
CYBER 203 computer. Very good comparisons of pressure
distributions were obtained with experimental data of Ref. 15
and calculations of Ref. 2. Fair comparisons of heat transfer
were obtained, as presented in Figs. 3 and 4 for blowing rates
Q^J2Lst= 0 anc* 0.02406 flowing from a porous plug of radius
0.166 RN. Wall temperature was a constant with

( NR ) J
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Fig. 3 Heat transfer over sphere zero blowing.
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TW/T00 =2.945. A large value of #min was used to bring in
more points near the wall to better resolve the temperature
gradient with the given grid resources. When resolution of
boundary layers is a problem, increasing Kmin as opposed to c
is a quicker and more reliable fix for adjusting the grid.

Galileo Probe
Flowfields over the Galileo probe, a 45 deg spherically

capped cone with a hemisphere afterbody, for M^ = 50 and
Rew= 500,000 and 100,000 are presented for adiabatic and
constant wall temperature boundary conditions and for
blowing rates of mst = 0 and 0.5. The first case studied was for
an adiabatic wall, ^6^ = 500,000, on a grid of 61 points
around the body/wake centerline and 41 points between the
body and shock. A converged grid for this case using Kmin = 2,
c = 0.2, and Mach number as the function being monitored, is
presented in Fig. 5. Some concentration of coordinate lines in
the free shear layer just behind the probe lip is evident. The £
coordinate lines leave the boundary layer and fan out to fill in
the recirculation region and free shear layer. Pressure
distribution around the body is presented in Fig. 6 along with
comparisons to the results of Ref. 4 obtained at a lower
Reynolds number. Attempts to run at higher Reynolds
numbers or at higher values of c to pull more points in the
shear layer caused numerical instabilities just behind the
probe lip. Note, for example, the excessive skewness of the
grid in Fig. 7 computed with c «1. While the free shear layer is
resolved in much finer detail, the excessive stretching around
the 17 coordinate bend associated with the reference coordinate
line caused large grid skewness. This skewness introduced
grid-induced errors that ultimately caused the calculation to
diverge. These results indicate that 41 points are, at best,
marginally sufficient for resolving all of the high-gradient
regions between the body and shock, even with the adaptation
capability. The ability to obtain a converged solution for this

1.0

.6

.2

FINITE VOLUME FORMULATION
——— CALCULATION REF 2

k EXPERIMENT REF15

.2 .4 .6 .8 1.0 1.2

Fig. 4 Heat transfer over sphere with blowing.

o Pst =50, Y=1.4, INVISCID)

CALCULATION (LOMBARD, DAVY, GREEN)
Re00 = 104 (REF 4)

CALCULATION Reb

, 2 14 16

Fig. 6 Pressure distribution around Galileo probe and downwake
centerline.

Fig. 7 Grid distribution over Galileo probe with excessive stretching
through free shear layer.

Fig. 5 Converged grid used in Galileo probe flowfield calculation.
Fig. 8 Grid distribution over Galileo probe with massive blowing: a)
forebody (odd number mesh lines), b) wake.
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Fig. 9 Global internal energy contours over Galileo probe with
massive blowing: Af ̂  = 50, Re^ = 105, y = 1.4.
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Fig. 10 Internal energy distribution along stagnation streamline
across shock layer showing odd-number grid point location through
high-gradient region.

problem using the given adaptation parameters and grid
resources demonstrates the usefulness of this program.

The next set of calculations is for a cold-wall condition
Tw/T00^50t Rew = 100,000, and m = 0.5 on a grid of 100
points in the £ direction and 81 points in the 77 direction. The
blowing distribution along the body surface is one taken from
Ref. 16 (at 51.5 s) along the forebody with a constant blowing
rate of ra = 0.04 along the base. The converged grid for this
case is presented in Fig. 8. The adaptation parameters are
c = 3, ATmin = 100, and N=20 using internal energy e as the
function being monitored. The high-density, low-velocity,
low-temperature blown gas layer displaces the outer high-
temperature shock-layer flow. The concentration of grid
points in this high-temperature gradient region extending into
the wake is obvious in Fig. 8. The inner layer flow accelerates
around the corner of the body into the low-pressure region
behind the base. Over the course of 9000 iterations the
recirculation region (zero blowing solution) was washed out
from behind the base, being filled in by a relatively uniform,
high-density (p «1.4), low-velocity flow with no recirculation.
(Typical runs were made in blocks of 3000 iterations requiring
7.56 min of computer time on the CYBER 203 computer.)

Global internal energy contours in Fig. 9 again show the
high-gradient region, while a plot of internal energy across the
shock layer on the stagnation streamline (Fig. 10) shows that
approximately 40 points were brought in by the adaptation
algorithm to resolve the high-gradient region.

Conclusions
The finite-volume formulation used herein gives a con-

sistent and conservative approximation to the Navier-Stokes
equations. The present formulation is second-order accurate
in space and has a first-order error in wave speed, propor-
tional to the local value of A£, when the local maximum time

step is used to advance the solution at every point. Good
comparisons with experimental data and other calculations
have been obtained using this formulation.

The adaptation algorithm presented herein is based on a
simple spring analogy. The one-dimensional adaptation
variation has been shown to be capable of resolving the free
shear layers in the flowfield around a typical planetary probe.
The algorithm is very easy to apply and is versatile enough to
permit dynamic adaptation (i.e., once every 20 iterations),
large-scale rezonings after several thousand iterations, or
parametric studies run noninteractively to study the effects on
the grid of changing an adaptation parameter in a particular
flowfield. Suggested ranges of adaptation parameters have
been provided that avoid the problems associated with grid-
induced errors interacting with the adaptation process and
eventually destroying a calculation. In the massive blowing
problem, one-half of the available grid points were pulled in
by the adaptation algorithm to resolve the narrow tem-
perature gradient region between the outer and inner blown
gas layers in the stagnation region.
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